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A PROBLEM OF INTEGRAL GEOMETRY 
A. G. [tAMM 
Mathematics Department, Kansas State University 
Manhattan, KS 66506-2602, USA 
A.bstract--A new analytic method for finding a function from the knowledge of its integrals over the 
spheres passing through a fixed point is given. This problem has been earlier studied by A. Cormack 
and E. Quiuto. 
INT[tODUCTION 
1. Two results axe obtained in this paper. The first gives a new analytical inversion for h(z) from 
the integrals of h(x) over all spheres passing through a fixed point. The second gives an analytical 
solution to a Darboux-type problem. The first result is a uniqueness theorem and an analytical 
inversion procedure for a problem of integral geometry (IGP). This problem arises naturally in 
a study of some inverse problems. IGP has been studied by A. Cormack and Quinto [13. They 
proved a uniqueness theorem and gave an inversion procedure based on the usage of Gegenbaner 
polynomials. Our approach is different and is of use in other problems. It allows one to treat 
not necessarily C°O functions. An application to Darboux equation given in [1] differs from the 
application to Darboux problem we study in Section 3. In [13 some related works of Chen and 
[thee are mentioned. After this work had been finished the author learned from Professor E. 
Quinto of the related.papers [2--4] where the results of [1] axe improved. 
Problems of integral geometry axe of interest in many applications, in particular, to inverse 
problems (see [5-7]). It is well known (see, e.g., [6]) that if h E L~o c has compact support, 
supp h C_ Ra_, and fl~o-ulfr h(y)dy = 0 Vz0 E P := {x : z3 = 0} and Vr > 0, then h = 0. 
2. Suppose that h(z) ~ O, x E R 3, h(z) E 8, where 8 = S(R s) is the Schwartz class of smooth 
functions rapidly decaying with all their derivatives. Assume that 
fs h(X + ~[xl)d~ - 0 Vx ~ a a. (1) 2 
This means that the integrals of h over all spheres of radius l=[ centered at x vanish. 
Problem 1: Does (I) imply h = 0 f 
The basic result of this note is Theorem 3. Theorems 1 and 2 are simple consequences of
Theorem 3. Let us first state a uniqueness theorem. 
THEOREM 1. There is no h ~ O, h E $, such that (1) holds. 
3. The integral geometry problem formulated in Section 2 can be used for a study of the 
Darboux problem: find u(z,t), x E R s, Ixl > t >_ 0 such that 
A~(~, t) - . . (x , t )  - o, u(x, o) = o, u(x, I~1)  - f(x). (2) 
The author thanks ONR for support and Professors C. Berenstein and E. Quinto for references [2-4] and 
correspondence. 
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Problem g: Suppose f -- O, h(x) :'- ut(x,O) E S and uCx,t) solves (~); does it follow that 
u(z,  t) = 0 ? 
In order to reduce this question to problem (1) let us use the well known Kirchhoff represen- 
tation of the solutions to equation (2): 
t fs  h(x+at)dtx, h(x) := ut(z,O), u(x,0) = 0. (3) 
Substitute (3) into the last condition (2) and get 
fs  h(rx° + ra)da = 41rf(z)r -1, Ixl = x = rx °. (4) r, 
2 
If f = 0 in (4) one gets Equation (1). If (1) has nontrivial solutions, Equation (4) and Problem 
(2) have more than one solution. Therefore the following result holds. 
THEOREM 2. The homogeneous problem (2) has only the trivial solution with ut(z,O) E 8. 
We solve equation (4) analytically in section 7. 
PROOFS. 
4. Let 
= fRs h(X) exp(iX • x)dX. (5) h(z) 
Then (1) and (5) imply that for all r > 0 and all z ° E S 2 the following equation holds: 
0 = fRadXlt(~)fs2daexp{iX • (x + at)} = fR dXh(X)exp(iX •z)4~r'" sin(IAIr)l~lr " (6 )  
Here the formula fs,  daexp(iX.ar) = 4 ~  was used. Let us use the known formula, where 
x ° = ~,  A ° = ~,  r - I x l ,  IAI = k, 
co  
exp(ilXIrX °. z °) = 4~r E iejt(kr)Yt(x°)Yt('~°)' (7) 
l=0 
where the bar denotes complex conjugate, jr(r) = V/~Jt+½(r) is the spherical Bessel function, 
and Yl(z °) = Yt,,(z°). -£  < m < £, are the orthonormal in L2(S ~) spherical harmonics. From 
(7) and (6), denoting h(X) := g(,~), one gets: 
ff 0 = E itYt(x°) dkkjt(kr) sin(kr)gt(k), Vz ° E S 2, Vr > O, (8) 
l=O 
where  
9t(k) := fs2 9(A)Yt(X°)dX°" (9) 
It follows from (8) that, for all g = 0, 1, 2, 3. . . ,  
fo ~ o w > o. (lO) dkkjt(kr) sin( kr)gt( k ) 
We now need the following lemma. 
LEMMA 1. If kt+lgt(k) E La(0, oo) then (10) implies gt(k) = O. 
If Lemma 1 is proved then Theorem 1 is proved. The conclusion of Lemma 1 is equivalent 
to the statement which asserts completeness of the set of products {sin(kr)jt(kr)} Vr > 0. In 
[8] completeness of the products of solutions to radial SehrSdinger equations with the same e 
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(but different potentials) is established. The results in [8] do not cover our case in which l are 
different: £ = 0 for sin kr and ~ > 0 for jt(kr). Completeness of the set of products of solutions 
to PDE has been introduced and widely used by the author in a study of many inverse problems 
[9]. 
5. PROOF OF LEMMA 1. Let us use the known formula (see [10, formula 8.411.10]): 
1 
J . (z) = cvz" exp(izt)(1 - t2)U-½dt, 
J - -1  
From (10) and i l l )  one gets 
1 1 1 1 (11) c. = [2"r(v + ~)r(5)]- ,v > -~. 
0= Jo °° dkkgt(k)sin(kr)' z~r " /~1 dt(1- t~)t exp(itkr) (12) 
or /i 
0 = dt(1 - t~) t dkkl+lgt(k) {exp[ik(t + 1)r] - exp[ik(t - 1)7"]}. (13) 
1 
Define 
¢~(y) :-- dkkt+lgl(k ) exp(:t:iky) (14) 
and its Mellin transform: Me + := F+(s) := f~  y'-ld~±(y)dy. Note that Md~e(ry) = F(s)r - ' .  
Taking Melin's transform of (13) in the variable r, one gets: 
0 = [F~+(.) - F / ( s ) ]&(s ) ,  (15) 
where 
" t) ~- ' .  (18) fie(s) := dt(1 - t)t(1 + 
1 
If fie(s) ~ 0 for almost all s > 0, then (15) implies F+(s) - Fi '(s ) = 0 and, therefore, ~b+(y) - 
¢~'(y) = 0, so that, by (14), the sine transform of kt+lgt(k) vanishes and gt(k) = 0, and Lemma 
1 is proved. Let us calculate fie(s). Remember the Euler integral 
j~o 1 B(z, y) = t._l( 1 _ 0 ,_ id  t = r(x)r(~) 
r(x + y)' 
where r(z) := Jo t*-1 exp(-t)dt is the Gamma function. Thus, 
/: I &(s)  = 1(1 - 0 t (1  + t)e-'d~ = 2(2 - ~)%e-°dv, 
= 2~t+ 1-'  [1 (1  - z)tzt-*dz, 
J 0  
-- 22l+1-8B(I - s -[- 1,g + 1) 
(17) 
(18) 
and 
;d t (1  + t)t(1 - t) l - '  = 22t+1-'B(~ + 1,t - s % 1) = fie(s). 
1 
Note that 7t(Y) := ¢~(Y) - Ct-(Y) = 2iS(kt+lgt(k)), where S is the sine transform: 
f0 ~° lfo°° S(kt+lgt(k)) = dkkt+lgt(k)sinky' kt+lgt(k) = i'~ 7t(y)sin(ky)dy. 
It follows from (19) and the relation r(z + 1) = zr(z) that 
1 
&(s)  = 22t+2-'t!  (2e + 1 - s)(2e - 8 ) . . .  (e + 1 - s)" 
(19) 
(20) 
(21) 
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One concludes from (21) that the integers j, 2t + 1 > j > t + 1, are simple poles of/~l(s), and 
that 1~t(s) is meromorphic on the whole complex s-plane. Lemma 1 is proved. II 
6. REMARK 1. A problem, similar to Problem 1, can be formulated in R2: suppose h • S(R 2) 
fs h(z + al=l)d~ = o Vz • R z, (22) 1 
where S 1 is the unit circle (unit sphere in R2). Does (22) imply h(x) = 0? 
The answer is yes, and a simple proof can be given based on the following idea. Equation (22) 
says that the integrals of h(x) over all circles Iz - z01 = Iz01, z = xx + ix~, passing through the 
origin, vanish. Use the inversion w = z -1, w0 = zo 1, with respect o the origin. Then the circle 
Iz - z0l = Iz01 becomes the straight line: Iw -1 - wotl = IWotl, or Iw - w0[ = Iw[. The equation 
of this line in the (Wl, w2) coordinates i : 
1 2 wl cosO + w~sinO = d, d := ~(wol + W~l) 1/2, 0<0=argw0<27r .  (23) 
One can vary d E (0, oo) and 0 E [0, 27r) arbitrarily. Therefore condition (22) implies that the 
integrals of h(x) over all the straight lines (except he ones passing through the origin) vanish. 
If h E S by the Radon transform uniqueness results [11] it follows that h(x) = 0. 
. Solution of the equation fs~ h(x + ~l*l)dc~ = H(z)  Vx E R 3. 
Repeat the argument that led to (10) and get 
(,) 
~0 °° 
Hi(r) = (4~')2it dkksin(kr)jt(kr)gt(k) 
r 
(24) 
in place of (I0). Here gt(k) is given by (9), g(k, A °) := h(A), A = kA °, and 
Hi ( r )  :=fsH(r ,x°)Yt(z°)dx°.  (25) 
In place of (13) we get 
_ Hi(r) /1  2i (26) 
= J-  dt(1 - t~) t {¢t[(t + 1)r] - Ct[(t - 1)r]}, at := (4r)2itce+½ (~)1/~' 
ul ~ 1 
where Ct(Y) is defined by (14). 
Take the Mellin transform of (26) in r-variable and get (j3l(s) is given in (21)): 
atT"lt(s - t  + 1) = [F+(s ) -  Ft(s)l~l(s ), 7-lt(s):= MHt(r) ,  F~(s):-- M¢~. (27) 
Thus, 
F+(s) -  F~'(s) = a t~t (s -  t+  1)/fit(s). 
From F + (s) - F~ (s) one finds by inverting the Mellin transform 
(28) 
7eCy) := Ct+(y) - ¢7(y)  = M-I[F~+(") - &-(s)] .  (29) 
From 7t(Y) = 2iS(kt+tgt(k)) one finds by (20): 
x f0°° kt+l gt(k) = i'-~ 7t(Y) sin(ky)dy. (30) 
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This imposes a restriction on the class of admissible H(x), that is on the class of H(z) for which 
there exist h(z) E 8 such that (.) holds. Namely, admissible H(z) are precisely the functions 
which have the Fourier coefficients Hi(r) (see (25)) such that ~Q(s) (see (27)) produce Ft'(s) 
(see (28)) with the property that ¢~(y) (see (29)) are of the form (14) with gl(k) of the form (9) 
and g(A) = h(~) producing h(x) e 8 by formula (5). 
Let us summarize the results. 
THEOREM 3. Equation (*) has the unique solution h(x) E 8 iff the function H(x) has Fourier 
coet~cients Ht(r) (defined by (25)) such that the functions F+(s) - F~-(s) (defined by (27) and 
(28)) produce ¢+(y) - ¢~-(y) (see (29)) which generate by formula (30) functions gt( k ) such that 
the function 
OQ 
:= (31) 
t=0 
I f  these conditions are satisfied the unique solution of ( ,)  in 8 is given by the belonzs to 8. 
formula 
h(z) = (2~r) -3 JR3 g(A)exp(-iA, z)dA. (32) 
@ 
Let us describe the inversion procedure: given H(x) find Ht(r) by (25), 7it(s) by the second 
formula (27), F+(s) - FZ(s ) by (28), ¢+(y) - ~b~'(s) by (29), gt(k) by (30), g(A) by (31) and 
h(z) by (32). We have chosen the class S for the functions h(z) but other classes can be treated 
similarly. For example, one can assume that h(z) E H01(R3), the set of functions in the Sobolev 
space H 1 (R s) with compact support. Our inversion procedure yields an analytic solution to the 
Darboux Problem 2. 
Our method can be used in other nonclassical problems of Darboux or Goursat type. For 
example, the problem u~t - Au = 0 in R 3 x R+, u(z,0) = 0, u(zs, z) = f (z)  can be treated 
similarly. 
The results of this paper have been used in [12]. 
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